In the field of microwave radars, a target at any range R is almost always either much larger or much smaller than the radar beam, and thus the mean value of the receiver power Pr either varies as 1 p2 or I R 4 , respectively. However, with narrowbeamwidth laser radars the radar beam may also be about the same size as the target. Thus, with laser radars there are three possible regions -a I R 2 region, a transition region (TR), and a 1 R 4 region. The purpose of this report is to derive a generalized laser radar range equation which is valid for all three regions, to find equations for calculatinR the boundaries of the TR, and to determine how the TR varies with various parameters. 'ine parameters of the generalized range equation will also be examined, In this analysis the following is assumed: the radar system is monostatic; the beam has a rectangular cross section with no side lobes) and a uniform i-adianve Y. at Lie target; and the target is xiut aitu rectanguiar, wliu unitorm reflective properties across its surface.* In addition, the target can be tilted at any angle to the beam.
In Appendices A and B some comments are made about thc ',I' and 1 R 4 laws. Appendix C gives the derivation of various range equations for the special case of the received beam being smaller than the receiver. The parameters describing the reflective properties of a surface are defined and discussed in Appendix D. There are derivations in Appendit E of equations for the one-way transmission loss due to the atmosphere. Appendt. F has a discussion of a special portion of the TR.
DERIVATTON OF A GFNERALIZED LASER RADAP RANGE EQUATION
In Ref. 1 a new radar range equation paramei ', , vas first introduced. Defined as the mean value (over many pulses) of the fraction ot the beam hitting the target, this parameter will allow the acrivation of a genera!ized laser radar range equation. From Fig. 1 it is seen that, for .1ny given pulse, the fraction of the beam hitting the target is given by A, 4, 1 whcre 4, is the portion of the beam hitting the tariget (on any given pulse) and A,? is the cross-sectional area of the laser beam. In the following it will be assumed that the target is in the far field of the transmitter and that the receiver is in the tar field of the target.
The reflected intensity r (in A sr) is related to the incident irradiance i, (in W, II) by just a constant (. so that It should be noted that Eq. (3) holds only when the area of the reflec ted beam at the ccceiver is g:reater than the ar-ea of the receiver itsetf. Th:is is generally Vhicae (See Appendix C when this is not the case.)
The parameter Cwill now be examnined by examining Nicodemus (2 -4) defines the bidirectional reflectance -distribution function at a point as Since ý is a function not only of the geometry shown in Fig. I but also of the spatial jitter of the beam, it must be handled on a statistical basis by consider;ng its nean value 7. If it 's assumed that all ,,' the other parameters in Eq. (13) are consfant, the'n the equation for the mean value of the received power lover many pulses) becomes I , a P , , 2, : : r:
A , This is the generaiized laser radar range eqiwtion.
The relationship between C and the radar parameter of taxget cross section a will now be determined, in the field of microwave radars the standard ta:get is taken to be an isotropically reflecting snhere. This standard results (5) in the following definition 
and thus, 4, 4C. In the optical radar fielu '-e standard target is sometimes taken to be a diffuse flat surface, and this standard results (6) in the following definition of i:
and thus 3 = ac. From now on in this report, however, just the microwave concepts and definitions, based on an isotropic standard, will be used.
Combining Eqs. (8) and (15) Another p'armeter introducea (7) in the radar f' Ad is ,0 the radar cross section pe. unit area, and it is equal to , divided by the irradiated target area normal to the beam, i.e., 
Introduction
Two things cause the ,xistence of a transition region (TR): spatial jitter of the laser beam, and the geomatrical relationship between the target and the beam. An example of a syotem operating it? the TR is seen in Fig. 2 where, even when there is no jitter, opera t ion is in neither the 1/R 4 nor the 1/R 2 region. This is true since in the x direction the beam is larger than the target, while in the z direction the beam is smaller than the tai gct. 'y
When the beam is smaller than the target (i.e., when Ln,,
In Eqs. It should be noted for future reference that
Equations (21) and (22) Similarly, in examining Eq. (24) it is seen that if the bracketed factor approaches LIl? 2, then yx approaches one. If the same thing happens simultaneously in the z direction, i.e., if V -i, then V 1, and when -:-1, Eq. (14) yields P, 01,'R 2 . Under these conditions the target is said to be in the 1 R 2 region.
In general, however, P, 7R 2 , and when the target is in neither the 1 VR 4 nor the I R-' region, then. it is said to be in the transition region. Thus, there are three radar regions: the 1 R 2 region, then a trarsition region, and then the 1 'R 4 region.
Entrance Into the 1 R4 Region
In order to enter the 1 R 4 region the bracketed factor in Eq. (23) must approach LT• 2 and simultaneously it must apprcach LT, 2 when examined in the 7 direction. Equation (23) can be modified by introducing a parameter k called the relative beam stability in the x direction, which is Qefined as the ratio in the x directicn between the beam size and the spatial jitter. Thus, A-,,
The bracket in Eq. The reason why Is must be greater than 2.y 1 can be seen from a manipulation of the defining equation of v,, which yields
This equation also explains the asymptotic behavior of the curve at k 4, since for this curve Y1
2.
The physical basis of why the Y inequality (i.e., y,
2) holds will now be shown. Defining the range R, at which v.
2 yields
And so at R,
(It should be noted that at any valid R),, Eq. (27) shows that A is automatically greater than four.) At ranges beyond R,, where the target looks more ind more like a point to the laser radar, approaches closer and closer to LT, L 1 •. If the defining equation of y3 is manipulated, it yields
it is thus seen that k only has to be greater than zero. Since k -t, %,,, if k equaled zero it would mean that the jitter \, was infinite, since the beam size o, cantt go to zero. Therefore, the asymptotic behavior of ý 2 at k o is to be expected.
The physical basis of why the Y, inequality (i.e., v, 2) is used will now be shown. Defining the range at which Y 3 2 as R, yields
Therefore, at R\,, i (since yA 2). At ranges shorter than R,, as the beam continues to get smaller than the target, the bennm misses the target less and less frequently so that gets closer and closer to one. Therefore, when R R•, i; it can also be shown that R R' yields v 2. In summary it is seen that when v 2 and k. 0, then Exactly the same analysis can be carried out in the ; direction, with the result that when The physical significance of R being less than or equal to R, can be seen by manipulating R <_ LTO(O, 4%,) to give Lrx -LB, + 4 \,,J This inequality in effect states that in the x direction if R _< R,, then the target is larger than the beam by at least four times the jitter. If this is the case, then the beam is almost always entirely on the target in the x direction, Summarizing then, when R -R, or R,, depending on which is greater, the 1 R 4 region starts, and when R R R, or R;, depending on which is smaller, then the 1,'R 2 region starts.
Parametric Behavior and Examples
The Effect of the Shape Factcr on the TR -In order to study the effect of the situation geometry, by itself, on the TR, the beami ijitter will be assumed negligible (i.e., A, = A, ý 0) in this section. Equations (27) and (31) thus yield
and Eqs. (28) and (32) yield
Thus, the TR extends from R, to R,, or vice-versa.
A parameter which describes the geometrical relationship between the target and the beam is now introduced: the shape factor F is defined as
Ox 0Z LT, LTz LR?
Thus, F reflects the degree of mi,,ýnatching betwrc , the shape of the target and the shape of the beamJt From Eqs. (33) -(35), the shape factor F becomes
and this yields
Thus, the TR extends from R R, L-, t) , to R R, LTx Fa,, or vice-versa. When F 1, R, , R,, and the TR extends from R, to R,. As F approaches one, R, approaches R, and the TR shrinks to just a line. As F now increases beyond one, R, becomes greater than R,, and the TR then extends from R, to R,. The following general figures (Figs. 4(a) -(c) ) can now be drawn. Since the non-TR conditions of Fig. 4(b) (F I and \, N, z 0 mrad) don't usually exist, there is thus usually no abrupt change between the I R 2 region and the I R4 region. Figure 5 shows a typical case when tif R' had been defined at some general value of Y, greater than 2, say v.
have yielded tr 2 L * 2YvA;.
"t"Shape" here will also connote the orietations of both the beam and the target. rr. -In order to study the effect of jitter by itself, the effect of shape has to be nc ated by making F 1, and this has been done in this section by making
It can also be shown that when Eq. (38) holds, R\ R, and R, .,, and therefore all the calculations can be carried out in just the \ direction. Figure 6 shows the case of negligible jitter for various values of ,,,, and naturally it is similar to Fig. 4(b) since once again F 1 and \, \, 0 mrad. As the jitter becomes significant, the TR comes into being, and Fig. 7 shows how the extent of the TR increases as the jitter increases for any given value of LT,. If two laser radar systems have the same value of k • , then that system which has the smaller beam divergence and jitter will be the one whose TR occurs furUter out in range for any given value of I-r,; this is shown in Fig. 8 .
General Example-The effect of shape on the TR has been studied (Fig. 4) by making the shape factor F variable and the jitter constant (%, \, Co).
Then the reverse was done, i.e., the effect of the jitter on the TR was studied (Fig. "7) by making the jitter variable and the shape factor constant (F i).
And now the combined effects of both shape and jitter will be shown in a typical example. Let the following values be assumed: Therefore, the I 9: region starts at 0.7 kmi. This example is shown in rig. 9
EXAMINATV-•N OF P, VS R
Having examined the effects of the shape factor f and jitter \, on the TR, the question now arises as to how they effect and r,. Since Eq. (20) states that P, V ,
.
(where v r, '-.4, 4 ), and P. can be easily related if v is a constant. In this seetion it will be assumed that , , and thercfore I. and that V is constant.
When the jitter of thc beani is negligible, can be found for any # just by inspection. Since is defined as the mean value of the beam hitting the target in the % direction, if the beam is smaller than the target in the , direction, 1. If the beam is larger than the target in the \ direction, I R 2 and 1 R 4 regions when there is no jitter. When F i these are the only two possible geometrical situations and the only two range relationships. However, when F -1, there is, in addition to the 1 R 2 and I R4 regions, a TR in which in one directioii the beam can be larger than the target, while in the other direction the beam can be smaller than the target (e.g., see Fig. 2 ). When this occurs -,Lr To, ) R or (Lr 1 , 0, ) R, depending on in which direction the beam is greater than the target. Therefore when there is no jitter and the TR is only due to F 1, P, a 1 RI (see Figs. 4(a) and (c)). When and where this unique 1 R 3 region exists has novk been determined.
Two other basic cases arise when j~tter cannot be neglected, and thus there are four cases altogether. With the introductio o of jitter, if the target is not in the TR. then , can still be found simply by inspection: ,gain it will either be equal to one or vary as I R-. and Pr will thus vary with either 1 R-or I R 4 behavior. But if the target is in the TR amd there is jitter, then , will have to be. in general, calculated from Eqs. For an arbitrary set of parameters yielding the four cases, the mean received power P, haS been plotted vs ,R for Cases I and II (Fig 10a) and Cases III and IV (Fig. l0b) The parameters for all four cases are 'However, tOw unique situations may occur in which. even in 0-, pre.ence nf jitter, can stil, "" found b%' inspet-tion, and again variets as I it (see App. F),
Thus, H = 6.37 x10-3 and P, = 6.37x10 3 i R 2 . In Fig. 10(a Even though Cases I and II appear to touch in Fig. 10(a) In Cases I and HI1, if the jitter is neglected, then the error at any range can be found by examining the nonjitter cases, i.e., Cases II and AV, and then comparing either IH to I "or IV to MIl, depending on whether or not F equals one. The maximum differe-nes (or errors) for the cases chosen will now be found. In Figs. 10(a) and 10(b) it is seen that the maximum errors occur where the straight lines cross.
In Fig. 10(a) , where F -I, at R = 4kkm, Case II gives , = 4.Ox 10-4 watts, Case I gives 3.4 x 10-4 .atts, the ratio 11/I = 1.18, and Case II is 18% too high. At R = 20 kin, Case I1 gives 3.2x10-( watts, Case I gives 2.7x10-6 watts, the ratio II/I = 1.19, and Case IT is 19% too high. In Fig. 10(b) , where F i, at R = 4 kin, Case IV gives P, 4.0Ox !0-4 watts, Case III gives 2.8x 1.0-4 watt-., the ratio IV./MI = 1.43, and Case IV is 43% too high.
W.aen F 1 (in Fig. 10(b) ), it is seen that maximum difference or error between Cases IV and III occurs at the Case IV breakpoint range, R*, where the 1 TR 2 and I `R 4 lines cross. An equation for determining this percentage difference at R*, without having to calculate P, for Cases iII and IV, will now be derived.*
In regard to Case IV, 1 at R*, and thus at R*, is1.
In regard to Case III, equations must now be found for Y: and 7: at -the range R* in order to find at this range. At R -R*, the equality L.,z, flt:Jation (24) will gi-e the same result.
Lr, holds since
Thus, at R*, where the maximum difference occurs between the mean received power P, for Cases IV and MI, the maximuni difference in -also occurs, and this dif- As a check to the previous error calculation of 43% comparing Case IV to Case Ill, k 5 is inserted into Eq. (40). The result, 42%o, is reasonably close.
CONCLUSION
Via the introduction of a new parameter, Y, a generalized laser radar range equation has been derived which is valid at any range for a flat target of any size and shape and with any type of reflective properties; in addition, this equation is valid no matter what shape the laser beam has, nor its degree of divergence and jitter.
When, with regard to the range equ ion, the received power Pr varies with neither 4 IR 2 nor a I R 4 dependency, then the target is said to be in a transition region (TR) between the 14R 2 region and the 1 R 4 region. From an inspection of the equations for , the boundary equations of the TR have been found. In addition, the parametric behavior of the TR has been analyzed with regard to its causative agents -spatial jitter and the degree of shape mismatching between the beam and the target, Two basic types of situatfons occur: one when the jitter is negligible, the other when the jitter isn't negligible.
When jitter is negligible, 7 can be found by inspection in all three regions. In the TR, PrCl'R 3 , and thus, PrC 14'R 2 , 1 R 3 , and I R 4 in the three regions. As the degree of shape mismatching between the beam and target is reduced, the TR shrinks until, when there is no mismatch, there is no TR; then just the 1 A, 2 and 1 R 4 regions remain.
If the jitter is not negligible, , can still be found by inspection in the 1 R 2 and 1 R 4 regions, but it must, in general, be calculated when the target is in the TR. Because of jitter, a TR will always exist whether or not there is any shape mismatching.
Errors in P, caused by neglecting jitter can be found by comparing the P, vs R curves with and without jitter. The maximum errors occur at the zero-jitter breakpoints and these can easily be found. Typical errors can be as much as 40% or more.
In regard to errors, the neglecting of significant jitter shouldn't cause the basic results of the system designer to be invalid, and the "three (or two) straight lines" approximation should be adequate; however for the experimentalist trying tf, mcasure ,, the neglecting of significant jitter may lead to unacceptably large errors.
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The author wishes to thank R. D. Tompkins for many helpful suggestions. Using this relationship and the gain definitions of the transmitter (6,-4Qt ) and the receiver (G, 4-A, ,\2) yields
which is one of the more familiar (5) (BI)
In Eq. (B1), we see that neither the area nor the ac pect of the target influences the received power Pr. The solid angle of the transmitter also does not effect Pr.
Jelalian* has recently used a pulsed Nd laser radar to indirectly measure the aO of the ocean (in various sea states) and of sand. The laser was airborne and pointed straight down over the target of interest and P, was measured. Pt, A,, and R were known and r was estimated, and thus Y° was calculated using Eq. (BI). *AV. Jelalian, "Sea Echo ,t Laser Wavelengths," Proc. lEE" 56:828 (May 1968).
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Appendix C RANGE EQUATIONS WHEN THE RECEIVED BEAM IS SMALLZR THAN THE RECEIVER
When a target is highly specular (or if it is retroreflective), there is the likelihood that the reflected beam, at the receiver, will be smaller than the receiver. This is shown in Fig. Cl. When this situation occurs, the mean received power is P, T r V f (Cl) and the mean reflected power is
where Pd is the bidirectional reflectance (it will be discussed more in Appendix D). Therefore,
This is the general range equation for this situation. Now let us look at two special cases:
(a) When R R, R or R,, depending on which is greater, 
Since A, R` equals the target solid angle (-t the transmitter), the received power is approximately equal to the power hitting the target.
(b) When R -R, or R',, depending on which is lei+s, i and when this occurs
This could be referred to as the "extended target" case. If -1 and 1, the received power is approximately equal to the transmitted power. In the derivation of the laser radar range equation the following parameters describing a surface were introduced -the bidirectional reflectance-distribution function p, and the target cross section per unit area a 0. It was shown that they are related to each other by ,, 4,,1' when ,' and the incident irradiance H, are constant over the target* and j' is independent of II,. In Appendix C the bidirectional reflectance ,,, was introduced, and now the questions arise as to how p, and 1,' are related to each other and how these two paramneters are related to ,, the overall reflectance of a surface.
In Refs. 2 and 3, (,rI is defined as According to the terminology of the National Bureau of Standards* this parameter more completely should be called the bihemispherical reflectance j ( 2-: 27), since i, is the ratio between the power reflected in all directions and the power incident from all directions. Judd's reference also discusses in great detail the many other types of reflectance and the interrelationships between them. From either this reference or from Ref. 3, the following relationship is found:
If
is not a function of ,, then 2 foN
For a. diffuse surface, , -i, ' and , is independent of both and . Therefore,
2,--• '
%111 ("r (,OIs tr" and therefore,
Finally, for a diffuse surface ,
4.
4,, 4,.. The reason for the appearance of the 4 is because ,, is defined here relative to an isotropic target, not to a diffuse flat plate as is sometimes done.
Occasionally (see footnote reference to Jelalian in AppendLx B) a parameter" is introduced which in a way describe., the reflective properties of a surface. The degree of diffuseness is the degree to which ,' is constant versus ,,, and this depends on the relative surface roughness or granularity at the wavelength of interest. In the optical region a heavy layer of dust can change a highly specular surface to one that is highly diffuse. However, when a standard diffuse surface is needed, special materials must be used. 
INTRODUCTION
Atmuspheric attenuation is due to three effects: Mie or particle scattering, Rayleigh or molecular scattering, and absorption.' Associated with each effect is an attenuation coefficient, o b, and ., respectively, which may depend on the propagation path distance R (see Fig. El) . These coefficients are additive so t-hat the overall attenuation coefficient /? is
(El1)
The basic relationship between the intensity I and ist
In the visible region is negligible, and ttnerefore 
A• a check, the 13(o) from 
. / Equation (E9) yields 
